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Introduction
In computer graphics community, the spherical harmonics have gained much of interest due to their contribution in many fields such as global illumination [5] , shape descriptors [lo, 111, shape reconstruction of star-shaped point set [21] , frequency-based representations and filtering [25, 151. The spherical harmonics decomposition is naturally applied to spherical domains (star-shaped objects) and may be extended to non spherical domains using a prior spherical parameterization. This can be used in particular to zero genus 3D objects described by triangular meshes [25] .
Current methods for computing the spherical harmonics transform often sample these spherical functions over a regular grid on the sphere or a 3D grid surrounding the object (voxelization) and apply a discrete spherical harmonics transform algorithm [6, 13, 191 to this regular grid to compute the harmonics coefficients. Spatial grid-based methods [4, 10, 181 are prone to numerical errors associated with the size of the cells. It is very difficult to predict the size of the voxel which satisfies a given error tolerance.
In this paper, we present a new and efficient algorithm for computing the spherical harmonics decomposition of spherical functions measuring the radial extent of the points of 3D objects represented as triangular meshes. The main contribution of our approach is as follows:
generates a uniformly distributed set of random points along the edges. Thus the precision of each coefficient is directly bound on the number of points on each edge and it can be increased until a given tolerance is reached. Moreover, when the spherical harmonics transform is used for filtering purpose the appropriate bandwidth is tuned automatically since the spherical harmonics coefficients are computed progressively until a geometric approximation error is met.
Processing general objects If the object is not starshaped, we segment it into star-shaped surface patches and recompose the local results on each patch. This process can also be extended to handle point clouds directly without a prior global mesh reconstruction step, and there is no restriction about the genus number of the objects.
Local spherical harmonics
The computations are performed directly and locally on the surface triangular description of the object without any voxelization.
Our computation mainly depends on the geometry and the normal direction over the surface. If the input object is described as mesh, the normal information is implicitly embedded in the description. In the case of point cloud, we assume that each point is supplied with the corresponding normal.
The remainder of the paper is organized as follows. An overview of related work can be found in section 2. Section 3 presents fundamental concepts and notations. Section 4 describes our method for accelerating the computation of the spherical harmonics transform by distributing the computation over the edges of star-shaped meshes. Section 5 handles some extensions of our algorithm for computing the spherical harmonics transform for non star-shaped meshes and surface point clouds. Section 6 presents some applications of our approach to demonstrate its efficiency.
. Related work
The extension of spectral concepts to the geometry of 3D models have gained much of interest during the last decade. Conceptually, this generalization is achieved thanks to the Laplace-Beltrami operator. Taubin [20] has proposed a spectral method to fair triangular meshes by coding the cartesian coordinates into differential coordinates at each vertex using the discrete Laplacian. This method has been improved by Desbrun et al. [2] by introducing the curvature flow on the surface to remove noise. Although these methods are based on the methodology of signal processing, they do not compute a real frequency-based representation of the objects surface. Therefore, the corresponding filters should be applied in the spatial domain.
A real frequency-based representation can be obtained by considering the eigenfunctions of the Laplace-Beltrami operator as a set of basis functions. Karni et al. [7] have used this decomposition to compress triangular meshes. One of the drawback of their approach is that the basis eigenvectors must be computed separately for each mesh, as pointed in [8] . For more detail about Laplace-Beltrarni eigenfunctions as a basis for surface based function spectral decomposition, we recommend the reader to refer to [12] .
The planar and spherical domains provide us with a well known set of eigenfunctions: Fourier exponentials and spherical harmonics, respectively. The frequency-based representations using them are used for retrieval, surface reconstruction, compression, progressive transmission and filtering purposes. Vranic et al. [22] have applied 3D Fourier transforms to a function induced from a 3D voxelized closed mesh to obtain shape descriptor for retrieval purposes. Kazhdan [9] has used 3D Fourier transform of the indicator function of an oriented set of points to reconstruct a surface that approximates these points. An interesting point of his approach is that he has converted the volumetric integrations of the Fourier transform of the indicator function into surface integrations. These surface integrations can be computed directly on the set of points. However, he has used a posterior voxelization to convert the set of obtained frequencies into an implicit representation of the object in the spatial domain. Pauly et al. [17] have also used 2D Fourier analysis to achieve common surface processing operations as noise removal, enhancement, restoration and subsampling. They have interpolated point set data onto a regular grid, in order to make a discrete Fourier transform applicable.
Fourier transform
Fourier algorithms on regular grid can be handled quit efficiently thanks to the FFT framework. However, it is difficult to control the numerical errors induced by the voxelization. For a given geometric error tolerance, it is very difficult to predict the optimal size of the voxel.
Spherical harmonics transform A fast spherical harmonics transform of spherical functions [4, 181 induced from the mesh can be calculated using a voxelization of the mesh as a preprocessing step to obtain a shape descriptor. In [25] , Zhou et al. have applied the spherical harmonics transform to three independent spherical functions representing the spherical parametrization of the local coordinates x, y and z over the original mesh. Such a work could benefit from the work presented in this paper to avoid the regular discretization of the signal on the sphere. However, using three independent functions ignores the correlation between these coordinates on the surface.
An interesting idea on efficient and direct computations of geometrical properties of triangulated meshes has been presented by Zhang et al. [24] . They have shown that the computation of the volumetric moments of a triangulated mesh can be decomposed into a signed sum of the volumetric moments computed over the geometric primitives composing the mesh. The geometric primitives are triangles or tetrahedra for meshes embedded in 2D or 3D respectively. Mousa et al. 1141 have extended this idea to calculate the spherical harmonics transform of the indicator function representing the intersection of the volume enclosed by a triangulated mesh and a given sphere. The computation consists of a signed sum of 2D Monte-Carlo integrations on a set of spherical triangles. cp corresponding to points belonging to the triangle Ti and has the value zero otherwise. The global spherical function f (6: p) can be decomposed in terms of fi(Q7 cp) as follows :
where T is the set of triangles of M. The spherical harmonics decomposition of each fi is given by :
Notations
The spherical harmonics {qm(B: y ) : lml 5 I E N) are defined on the unit sphere S2 as : where the coefficients cl,, are uniquely determined by :
Spherical harmonics computations
Given a star-shaped triangular mesh, we present in this section a new algorithm to compute the spherical harmonics decomposition of the spherical function that measures the distance from the surface to a center c. Firstly, we recall how such spherical function can be expanded as a sum of spherical functions defined over the local triangles [IS].
Secondly, we show how to evaluate spherical harmonics coefficients by a sole integration along the edges of these triangles.
Spherical harmonics decomposition
Consider the spherical function f that measures the radial extent of the points of a given star-shaped triangulated object M. We will show now how to expand this spherical function over the triangles of M.
Assuming that fi(B: cp) is the restriction o f f to the triangle Ti, i.e. fi has the same value than f for the 6J and Therefore, the expansion off (0: y ) in terms of the spherical harmonics can be rewritten as follows :
Let T,' denote the projection of Ti on the unit sphere centered at c. Each c;., is computed using the following equation:
The above equation evaluates the coefficients c;,, as a surface integration over the spherical triangle T, ' . Then, the evaluation of c~,, is reduced to the evaluation of the corresponding c;,, over the primitive elements of the mesh.
SHT over the triangle edges
In this subsection, we explain how to reduce the evaluation of c;,, as a linear integration over the boundaries of the spherical triangle T:. For that, we rely on the Curl theorem that permits to reduce some 2D integrations to ID integrations.
The Curl theorem
The Curl operator is a vector operator that measures a vector field's rate of rotation: the direction of the axis of rotation and the magnitude of the rotation. Let V denote a volume element delimited by a closed surface element C. The Curl of a vector field F denoted as Curl(F) = V x F is defined as :
where n is the normal of C.
The Curl theorem is an extension of the fundamental theorem of calculus which provides a method for expressing the integral of some function over the interior of a region as an integral over its boundary. Given a 3D vector field funcUsing the integration by parts developed in appendix A, we tion F and a surface S with boundaries, the Curl theorem get : states :
In the spherical coordinates system, the Curl of a vector ( 1 1) where dT! is the boundary of the spherical triangle Ti'.
using equations 9,10 and 11, the left hand side of equation n u s , we can calculate the spherical harmonics coefficient 8 is rewritten as follows :
el,, by applying the Curl theorem to the vector field func- SHT on each part can further be combined in the implicit framework [15] (see Figure 3) . In this section, we give an (24) extended version of algorithm that generalizes our approach Projecting on g, we obtain to point set surfaces and illustrates that the combination of partial results can be performed on local triangulation.
The right most term of equation 18 simplifies to :
The normal Ci is constant for all points on the triangle Ti. Moreover, cp' is the unit vector in the direction of y and is equal to (-sin(cp): cos(cp); 0). Therefore, we have : To evaluate the integration presented in equation 28, the following sub-integrations should be evaluated : 1. Partition the point set using a kd-tree and an unfolding (29) split condition.
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= Jc~s(cp)e-'~pdcp (30) 2. For each cell of the kd-tree find the best fitting sphere on which we apply the spherical harmonics computations. Using the integration by parts (see Appendix B), we get :
3. Triangulate each local patch of the object. We present the details of those steps in the next sub-4 2 2 sections. Therefore, given the values of the surface normal at any given point, we can evaluate l$ for any value of of , m. 8
Partitioning
and cp using equations 18,28,31 and 32, and hence cf,,.
Starting from the initial bounding box of the set Extension nOn starmshaped meshes and of points, we adopt the division criterion presented by point sets Boubekeur et al. [I] : each cell of the kd-tree hierarchy, Ci, is split if the following condition is not satisfied : The spherical harmonics computations are naturally --* --+ adapted to spherical domains. Non spherical objects should
be preprocessed such that they are decomposed into spherical subparts. This can be done using the volumetric segmenwhere is the surface normal at the point p and is tation method proposed by Dey et al. [3] . The results of the the average normal vector in Ci. This condition ensures that there is no folding inside the cell Ci. Therefore projecting the local points of the cell Ci on the local sphere will keep the local neighborhood relationship between the points. This process creates locally spherical geometry which is the natural domain of the spherical harmonics computations.
Best fitting sphere
Now, we explain how we can find a suitable sphere that provides a good spherical approximation for the spatial locations of the points p E ci. The objective is to find a sphere centered at c and having a radius r satisfying as much as possible :
Introducing the variable p = c2 -r2 into equation (34), the previous set of quadratic equations becomes a system of linear equations for the unknown coordinates x,, y,, z, of c and p :
We solve this system of linear equations using the least square method to give the best values of the center and the radius of the best fitting sphere.
Local triangulation
The decomposition criterion presented in the previous subsection ensures that the spherical patch may not contain any folding. This yields that we can project the local patch within the cell Ci on its best fitting sphere. This projection will maintain the neighborhood properties of the points inside Ci. Therefore, a local triangulation of the points inside each kd-tree cell can be obtained by triangulating their projection on the fitting sphere.
Numerical evaluation
In the previous section, we have seen how to construct a vector field function Fi = (Fj: F;: F;) that enables us to use the Curl theorem and to reduce the integration over the triangles along their edges. To evaluate the value of the harmonic coefficients c;,,, we need to compute the line integral of Fi along the edges of the spherical triangle T! :
We use a Monte Carlo integration to evaluate this integral 1. Pick n randomly distributed points pl : p2: . . . : pn over the edge ele2.
Determine the average value of the function

Compute the approximation of the integral
The standard deviation of the above evaluation is equal to :
where This yields a convergence of the order ~( n -4 ) .
a can interactively be computed during the evaluation of Fj over the sample points, so that the number of Monte Carlo samples can be tuned to reach some fixed deviation denoted as tolerance for each degree I spherical harmonics coefficient. Moreover, generating evenly distributed sample points along the edge elez is straightforward from the parametric equation of the line elez :
The computation of the spherical harmonics coefficients cr,m of the spherical function f is summarized in Algorithm 1.
Error control
The quality of the spherical harmonics representation of the objects depends on the number of Monte Carlo samples used to evaluate each coefficient. Figure 4 illustrates the interest of using linear integration instead of integration on triangles. Indeed, the number of points required to cover a triangle is square the number of points required to cover its boundary at a given resolution. The quality of the spherical harmonics representation also depends on the number of spherical harmonics coefficients. Noting that the approximated distance function f^ is given by :
over each edge ele2 of the-triangles as summarized in-the To determine the bandwidth automatically, we introduce following steps : a geometric error ~p between the filtered function f^ and the cl,, original function f . Of course, the deviation on the estimation of each coefficient should be negligible with regards to the authorized geometric error. ~p is defined as follows:
Algorithm
where V denotes the set of vertices. The coefficients c;,, are computed until the geometric error gets smaller than a prescribed threshold.
Blending local patches
After computing the local frequency-based representation of each local patch of the object, we need to blend all these representations of the object. To do that, we associate for each distance function f a function g which is expressed in the same local spherical coordinates system. The functions g are defined as follows :
where (r: 8 , 9 ) are the spherical coordinates of p and c is the center of the coordinate system.
Each triangulated patch divides the surrounding space into two parts. One is contained inside the object and the other is outside. g has positive values for points located within the surface, has negative values for those located outside and has zero values on the surface. Therefore, g can be considered as the potential function of the local surface patch. We can obtain the entire surface by blending all the potential functions g and extracting the corresponding O-level surface using a marching cubes algorithm. The standard form of the blending operator is expressed as a weighted sum of the potential functions g :
In this paper, we use R-function blend when the input is a mesh and a volumetric segmentation is used. When the input consists of point sets, we use quadratic B-spline b(t)
[16] to generate the blending weight functions; centered at c and having a spherical support of radius R, where R is the radius of the cell C.
Applications and discussion
Our method is implemented in C++; we have used a 3GHz Pentium IV PC with 1GB memory for the experiments. The input objects are given as meshes or as a set of oriented points.
6.1. Spectral representation and filtering for star-shaped meshes our spherical harmonics decomposition. The bandwidth , B is automatically computed from a prescribed geometric error EP. We can see that when the value of cp is large, the object becomes smoother and it becomes more detailed when ~p is smaller. The timings are given in Table 1 .
Reconstruction from point sets
The spatial decomposition and the local triangulation steps take no more that 5 seconds for the objects presented in this paper. The model shown in Figure 1 is reconstructed in this way. Figure 6 shows the reconstruction of 3D ob- 
Point sets Thai
Dinosaur Tyra jects using the spherical harmonics representation. Table I summarizes the timing of the computation of the spherical harmonics decomposition for the models presented in this paper-
The spherical harmonics decomposition presented in this paper has many advantages. One of them is that we can control number of computed spherical harmonics coefficients. This can be useful in some applications. We can repair cracks found on some 3D surfaces by eliminating the higher frequency components from their spherical harmonics decomposition at the local patches con- taining the cracks, Figure 7 . This is not equivalent to the filtering of the surface. In fact, eliminating high frequency components in the filtering process affects the geometric details over all the surface while in our case the effect is local. Given a source surface patch S containing the geometric texture and a target surface patch U, we compute their spherical harmonics representation as described in section 4. As we have mentioned, the higher frequency components encode the geometric details on the surface S. The number of these components that we will add to the target U is a user defined parameter that identifies the level of details to be extracted from the surface S. An alignment of the region of interest is performed before this transfer of coefficients. Figure 8 shows an example of transferring a part of Armadillo's coating onto the Bunny's back using the spherical harmonics representation. 
Local mesh smoothing
Texture transfer
